An additional effect not considered in our earlier papers is found to enhance the rate of growth of spiral modes in disk-shaped galaxies. This enhanced growth appears to be attributable to the combined influence of differential rotation and tangential forces. For certain galaxy models, rapid temporal growths are possible (comparable to those found in numerical experiments), but in many real galaxies, these tendencies to extreme growth rates are probably reduced to lower levels by competing effects such as wave absorption at inner Lindblad resonance.
In recent communications (1, 2) we have demonstrated that the maintenance and excitation of trailing spiral modes of density waves can proceed through the mechanisms proposed by Lin (3) and by . In this note, we extend our previous work, using a gas dynamical treatment (1, 7) , and report on a new physically significant enhancement of the growth rate. Thus, the spiral mode may even be unstable in disks with dispersive speeds higher than necessary for axisymmetric stability.
The enhanced wave amplification (5, 6) presented here results from a consideration of corrections in the dynamical and geometrical effects that are of higher order than those previously studied (1, 2) . In particular, we have found an important contribution to the growth of spiral modes that seems to be related to the combined effects of differential rotation and of azimuthal forces. The pattern frequency can still be determined by the phase relationship derived in refs. 1 and 2. Even its numerical value is not appreciably changed by these higher order effects. On the other hand, the growth rates of the modes are enhanced, sometimes by large factors. This is possible because the additional terms can make important contributions to the sensitive amplification processes occurring near the corotation circle (5, 6) . For galaxy models that are marginally stable against axisymmetric disturbances, this enhancement in growth rates is particularly noticeable in those models with relatively large epicycles.
Although high growth rates are found in certain galaxy models, we emphasize here that these more extreme growth rates are hardly expected of most real disk galaxies (8) (9) (10) . Any tendency towards high growth rates can often be limited in many real galaxies by competing effects such as wave absorption at inner Lindblad resonance (see Discussion). There, we shall also consider the rapid temporal growths in view of those found in numerical studies (9, 10, (15) (16) (17) (18) (19) (20) t of galactic models.
Formulation
Near the corotation circle, results of previous spiral wave calculations using a gas-dynamical model (1, 7) closely simulate those of a full stellar-dynamical treatment (2, 5, 6) . Since the stellar-dynamical approach requires a more lengthy analysis, we shall continue to use a gas-dynamical approach for simplicity of presentation. Consider a disk of self-gravitating gas under differential rotation. We assume that in the unperturbed state, the gas, with surface density uo, gyrates about the galactic center concentrically with circular frequency Q. Let K be the epicyclic frequency, a be the acoustic speed, and (r, 0, z) be the cylindrical coordinates whose origin coincides with the galactic center. [2] [3] [4] [5] In these equations, z = (K/a)(2/Q), Q = Ka/(7rGao), G is the gravitational constant, and v = (w -m )/K. Here Q = 1 measures the effective dispersive speed a necessary for axisymmetric stability (21, 22) . In deriving Eqs. 1-5, we have (a) evaluated the correction term T at the corotation circle where the amplification process is expected to be strongest, (b) omitted terms that are negligible if Q -constant near corotation, and (c) ignored wave-particle resonance (see ref. 6 
for corrections).
A major difference between this work and our previous formulations (1, 2) is the inclusion of the terms T in k32. This quantity T is typically dominated by T1 which is positive if d
In Q/d In r <0. Note that T, is proportional to M2. It appears that it is dynamically related to the azimuthal forces. Note further that, mathematically, the inclusion of this term T has the same effect as a lowering of the parameter Q (see Eq. 3) for spiral waves. Thus, there is an apparent local instability of the spiral waves, even when the disk is free from axisymmetric Jeans instabilityt. However, a definitive resolution of the stability problem must be based on the consideration of unstable modes, as will be described in some detail in the next section. By making use of earlier results of Mark (6) , it can be shown that this additional term T contributes to stronger amplification of spiral waves near the corotation region. This then results in an enhanced amplification of spiral waves driven by central bars, oval distortions, external companions, or any other similar mechanism. But here we are more interested in its effect on the temporal growth of spiral modes.
Enhanced growth rates for spiral modes As before (1, 2, 4), we consider the case where Q is close to unity for most of the disk, but steadily increases inwards near the galactic center. In the resultant spiral modes, the boundary conditions for u adopted in the previous papers (1, 2) lead to a (global) dispersion relationship for the determination of the discrete values of pattern frequency and growth rate. The pattern frequency is not appreciably changed by the higher order effects studied here. Omitting for the moment possible wave absorption and other dissipative effects (see Discussion), the growth rate y for wave amplitude is given by (1, 2) =2 In Fr [6] ly stable against axisymmetric disturbances (Q = 1), rapid growths are more likely to appear in the models where (a/Kr) is no longer small (see Eq. 7 and Discussion).
Discussion
The Issue of Rapid Growth. The amplification mechanism discussed in this paper has essentially the same nature as that discussed before by Mark (5, 6, 23, 24) and by Lau, Lin, and Mark (1), namely, an exchange of angular momentum across the corotation circle. To some extent, this is in line with the discussions of outward transport of angular momentum by Lynden-Bell and Kalnajs (14) . They did not, however, consider the interaction involving three waves; nor did they consider a mode. The wave pattern calculated on the basis of the present theory would remain essentially the same as before (1, 2), but it is now possible to have much larger amplification rates, as a result of higher order terms neglected in the earlier discussions. These terms represent, in large measure, the effect of the azimuthal forces. Even higher growth rates may be expected as a result of (i) the interaction between the disk and a moderate amount of bulgehalo stars (23, 24) , (ii) local Jeans instability (5, 25) , and (iii) possibly some velocity space instabilities (which are beyond the scope of this paper).
Yet, rapid rates of growth of spiral waves are hardly expected in real galaxies over long periods of time. Indeed, there are several possible stabilizing influences: (i) the absorption at the inner Lindblad resonances (refs. 11-14; see also refs. 1 and 2), if present; (ii) shock dissipation of density waves (26, 27) ; (iii) dispersive speeds higher than necessary for suppressing axisymmetric Jeans instability; and (iv) finite thickness of the disk (28, 29) . Of these, (i) could be present in theoretical model calculations, such as those made by Toomre and Zangt. Some of its effects will be discussed in the next section.
At this point, it is not clear what is the relationship between the high growth rate of the modes presented here and the transient growth calculated by Goldreich and LyndenBell (30) and by Julian and Toomre (22) .
Modes with Other Values of m. Based on the present study, the destabilizing term T is roughly proportional to M2 (see Eq. 5). It would then appear that modes with higher values of m would acquire a faster growth rate. But now the wave absorption processes at inner Lindblad resonance must be considered. Thus, in the absence of inner Lindblad resonance, the m = 1 mode is expected to have a lower growth rate than the m = 2 mode. However, for higher m values, inner Lindblad resonances exist and they come so close to corotation that the absorption effects are likely to overwhelm wave amplification. Thus, the m = 3 modes seldom grow more rapidly than the m = 2 modes. For 
